We consider two qubits interacting with a common bosonic bath, but not directly between themselves. We derive the (bipartite) entanglement generation conditions for Gaussian non-Markovian dynamical maps and show that they are similar as in the Markovian regime; however, they depend on different physical coefficients and hold on different time scales. Indeed, for small times, in the non-Markovian regime entanglement is possibly generated on a shorter time scale (∝ t 2 ) than in the Markovian one (∝ t). Moreover, although the singular coupling limit of non-Markovian dynamics yields Markovian ones, we show that the same limit does not lead from non-Markovian entanglement generation conditions to Markovian ones. Also, the entanglement generation conditions do not depend on the initial time for non-Markovian open dynamics resulting from couplings to bosonic Gaussian baths, while they may depend on time for open dynamics originated by couplings to classical, stochastic Gaussian environments. * benatti@ts.infn.it † l.ferialdi@soton.ac.uk ‡ stefano.marcantoni@ts.infn.it 2
I. INTRODUCTION
One of the most interesting features of quantum theory is entanglement. It has been the focus of much investigation in the last decades as it plays a crucial role in quantum information theory and its applications, such as quantum computation [1] and quantum cryptography [2] . With them, the interest in understanding how independent, uncorrelated systems may get entangled has been constantly growing [3] . Also, many studies have been performed to investigate the robustness of entanglement against noise, analyzing the behaviour of correlated quantum systems asymptotically in time [4] .
In this paper we consider a bipartite system consisting of two qubits that interact with a common environment, but not with each other: we shall thus be dealing with open quantum systems, but we will not assume any Markovian approximation. Indeed, purpose of the paper is to investigate the (bipartite) entanglement generation properties of Gaussian non-Markovian dynamics and to compare them with those holding in a Markovian regime. Entanglement generation will be identified with the ability of the time-evolution to turn an initial separable two-qubit state into an entangled one [5] . The initial states can be taken to be pure: indeed, if the dynamics is not able to entangle pure separable states, it cannot entangle mixed states either. Furthermore, as we are not interested in the fate of already entangled states, we will focus upon the behaviour of pure separable states at small times. In particular, since partial transposition is in this case an exhaustive entanglement witness [6] , the study can be limited to checking the lack of positive semi-definiteness in the small time expansion of time-evolving two-qubit states.
This kind of analysis has already been performed in the Markovian regime that is for dissipative quantum dynamics obeying a semigroup composition law [5, 7, 8] , where necessary and sufficient conditions for dissipative entanglement generation have been given [9, 10] . However, the behaviour of many open quantum systems is not adequately described by a Markovian dynamics [12] : it is thus natural and interesting to investigate the issue of entanglement generation in a non-Markovian setting, the results obtained in the Markovian regime thus providing a benchmark. Precisely, the study of entanglement generation will now be extended to the specific class of Gaussian non-Markovian dynamics: these include models widely used in the description of physical systems, ranging from the spin-boson model [13] , quantum Brownian motion [14] and collapse models [15] . Gaussian non-Markovian dynamics are described by families of maps that can be obtained either from a microscopic, namely quantum, or from an effective, classical stochastic description of the bath [16] , both completely characterized by their two-point correlation functions.
We stress that we call these maps non-Markovian because they do not compose as a two-parameter semigroup. Many different definitions and witnesses of non-Markovianity in the quantum domain have been proposed in the literature and a complete agreement on which one to prefer has not yet been reached. Some of them are based on the distinguishability of quantum states [17] , others rely on the CP-divisibility of dynamical maps [18] , on the volume of accessible states [19] , on the mutual information between system and environment [20] , on the capacity of quantum channels [21] . The relation among different definitions of non-Markovian dynamics is an open issue outside the scope of the present work. Some results in this direction can be found in [22] ; see also the recent reviews [23] .
In the above physical context, we prove 1) that non-Markovian entanglement generation occurs, for small times, on a shorter time-scale (∝ t 2 ) than in the Markovian one (∝ t); 2) that, though similar, the entanglement generation conditions in the two regimes involve different physical coefficients, 3) that, the conditions in the Markovian regime cannot be derived as a singular limit of the non-Markovian ones even if the Markovian open dynamics can be derived in this way from the non-Markovian one, 4) that the non-Markovian entanglement generation conditions do not depend on the initial time for open dynamics derived from coupling to microscopic bosonic baths, while they may vary in time for open dynamics resulting from coupling to classical, stochastic Gaussian fields.
The paper is organized as follows: in Section II, we briefly review the entanglement generation criterion for two qubits in the Markovian regime. In Section III, we introduce a generic Gaussian non-Markovian dynamics for two qubits and discuss the possibility of environment induced entanglement generation at general initial time t 0 . Finally, Section IV is devoted to the analysis of the differences between Markovian and non-Markovian entanglement generation, while in Section V we draw our conclusions.
II. MARKOVIAN ENTANGLEMENT GENERATION
We consider two qubits interacting with a common bath but not directly between themselves. Firstly, we assume that their reduced dynamics is Markovian and given by a one-parameter semigroup of completely positive, tracepreserving maps G t . Under these conditions, the master equation for the time-evolving two-qubit density matrix ρ t := G t [ρ] is of the typical form [7, 8] 
with initial condition ρ. The right hand side of the above expression is the Gorini-Kossakowski-Sudarshan-Lindblad generator G of the reduced dynamics, G t = exp(t G). The second term in G is a purely dissipative contribution due to the presence of the bath, with σ α j , α = 1, 2, the Pauli matrices associated with qubit α. Instead, the first term is the commutator with a Hamiltonian, where H S is the initial two qubit Hamiltonian without interaction as in Eq. (13) below, and
is a dynamical coupling mediated by the bath, resulting from Markovian approximations like the so called weak coupling limit [24] . The Kossakowski coefficients K αγ jk = K γα kj , where the bar denotes complex conjugation, form a self-adjoint matrix K which must be positive semi-definite in order to guarantee the complete positivity of the maps G t . This matrix can be conveniently written as a 6 × 6 matrix in qubit blocks,
with K αγ 3 × 3 matrices: K 11 and K 22 are positive semi-definite and pertain to the two qubits independently, while K 12 and K 21 statistically correlate them. For the sake of comparison with the non-Markovian time evolution that will be introduced in Eq. (19), we will now pass to the interaction representation with respect to the Hamiltonian H S . The formal integration of the master equation (1) then gives a dynamical map F t,t0 [ρ] = ρ t of the form
In the above expression, T is the time ordering operator and we used the following short-hand notation for the left and right operator multiplication (note that superoperators are denoted with hats, while operators are not):
with
The dynamical maps F t,t0 are thus time homogeneous, F t,t0 = F t−t0 , and form a two-parameter semigroup, i.e. they satisfy the composition law F t,t0 = F t,s • F s,t0 for all t ≥ s ≥ t 0 , and thus describe a regime commonly agreed to call Markovian [7, 8] . Such a property has relevant consequences for entanglement generation since, as we shall see, it then becomes sufficient to investigate the dynamics around time t 0 = 0. We shall thus expand the action of F t as follows:
Then, the short time expansion of the two-qubit density matrix ρ t about the initial condition ρ is
We stress that, as expected, both Hamiltonian and dissipative terms of Eq. (1) contribute to the short time evolution of the dynamics. In the following we are interested in the entanglement generation properties of the dynamics. Since the free H S does not contain interactions between the two qubits, such properties can be studied in the chosen interaction representation, without need of going back to the physical representation. Indeed, entanglement generation can only come from the bath contributed terms in the generator G. We now exploit the fact that, for two qubits, partial transposition is an exhaustive entanglement witness [6] . By performing this operation on the second qubit (id ⊗ T ), and setting ρ *
where ℜ and ℑ denote real and imaginary parts, while the factors ǫ 1,3 = 1, ǫ 2 = −1 come from choosing the standard representation of the Pauli matrices, so that, under transposition, σ
One has now to check whether ρ * t is positive semi-definite or not: in the latter case ρ t is entangled. Notice that partial transposition yields an expression similar to (8) , with the Kossakowski matrix K in (3) replaced by
with E := diag(−1, 1, −1) and ℜ(K 12 ) the 3 × 3 matrix with entries given by the real parts of the entries of K 12 , (K 12 ) T denoting its transposed. As much as the matrix K of the generator G in (1), the matrix K is connected with the generator G of a semigroup of maps
However, unlike K, K need not be positive semidefinite. Should K result positive semi-definite, the maps G t would then be completely positive and thus preserve the positivity of any initial two-qubit state, namely also that of separable states ρ = |ψ ψ| ⊗ |φ φ|. In such a case, due to the semigroup property, entanglement could not be generated either at small or at any other time t ≥ 0. On the other hand, if K is not positive semi-definite the conditions for entanglement generation have already been extensively investigated [9, 10] . One finds that G t is able to entangle |ψ ψ| ⊗ |φ φ|, at first order in t > 0, if and only if
where
with |ψ , |ψ ⊥ and |φ , |φ ⊥ two orthonormal bases in the qubit Hilbert space C 2 . In the non-Markovian regime, an open quantum dynamics is generated by a master equation of the form
with explicitly time-dependent Hamiltonian H S (t) and coefficients K αγ jk (t) which form a hermitian, but not positive semi-definite matrix. The above expressions are the most general non-Markovian master equations under the assumption that the generated dynamical maps Λ t posses an inverse Λ −1 t : in such cases, as proved in [11] , also time non-local master equations of the form
with a given operatorial kernel K(t), can be turned into time local ones
Furthermore, the latter can always be written as in (12) , however with in general a non-positive matrix [K αγ jk (t)]. Because of the explicit time-dependence, one expects that the entanglement generation conditions differ from those in the Markovian case and themselves explicitly depend on time. In the following, we approach this issue by means of the environment two-point correlation functions upon which the coefficients K αγ jk (t) depend and show that different behaviours emerge depending on whether the environment is a bosonic thermal bath, or consists of classical, Gaussian stochastic fields.
III. NON-MARKOVIAN ENTANGLEMENT GENERATION
Unlike Markovian dynamics, non-Markovian ones cannot in general be recast in a unique form. However, a complete characterization has recently been achieved for the class of Gaussian non-Markovian dynamics [16] . These dynamics can be obtained either by a microscopic description of the environment by means of non-commuting bosonic fields, or by an effective description of the environment based on commuting, that is classical, stochastic Gaussian fields. It turns out that there are dissipative time-evolutions resulting from the stochastic approach that cannot be obtained from the microscopic one [25] . We consider a model described by a Hamiltonian
and we distinguish two cases. In the case of a derivation based on a microscopic description of the environment, one assumes that the system is bilinearly interacting with a bath of independent bosons:
where the fields φ 
where ρ B is not necessarily invariant under H B .
As an alternative approach, one can choose an effective description of the environment, by assuming that the qubits are interacting with (classical) complex stochastic Gaussian fields φ α j completely characterized by the following correlation functions
where E denotes the stochastic average. In this case H B = 0, and H I is defined as in (14) . If the interaction starts at t 0 , by generalising the result of [16] , one finds that the Gaussian non-Markovian reduced map describing the qubits dynamics reads
The time dependence of the actions of theσ is a direct consequence of Eq. (6) 
We stress that the main difference between Eq. (4) and Eq. (19) is that, while the first one displays a single integration in time, the latter one presents two integrations. Accordingly, as a direct consequence of the properties of time-ordering T, F t,t0 satisfies the two-parameter semigroup property, but M t,t0 does not: the lack of such a time-composition law is what we mean by non-Markovian maps. Interestingly, a Markov limit of M t,t0 is simply obtained by choosing (19) leads to a Markovian map of the type (4).
In order to investigate the entanglement generation properties of M t,t0 , we adopt the same strategy as in the Markovian case. We expand it in Taylor series:
One finds that M t=t0 = I and M ′ t=t0 = 0, while
where we set D αγ jk := D αγ jk (t 0 , t 0 ; t 0 ). Therefore, the following short time behaviour holds:
Remarkably, unlike the Markovian regime, in the non-Markovian one the Hamiltonian terms do not contribute to entanglement generation. Indeed, the property D 
where D αγ are the 3 × 3 matrices with entries D 2 instead of t − t 0 : this is due to the fact that, in the Markovian limit, the singular (delta) correlation function eliminates one of the integrals in the exponent of M t . This different time-dependence is an interesting feature that allows to discriminate Gaussian non-Markovian dynamics from Markovian ones. Indeed, for small times, in the non-Markovian regime, entanglement is generated on a shorter time scale (∝ t 2 ) than in the Markovian one. This issue will be further discussed in the next section. Some comments are in order at this point. In the Markovian case, if entanglement generation occurs at time t = t 0 , it then occurs at any later time t > t 0 . This fact is due to the semigroup composition law, but need not be true if the the law fails as in the non-Markovian case. In such a case, the criterion (24) can only establish whether the map M t is able to entangle factorized states at the second order in time around t = t 0 . In order to infer entanglement generation at generic later times t 1 > t 0 , after the initial state ρ t0 has evolved into ρ t1 = M t1,t0 ρ t0 , one should explicitly study the interpolating map N t,t1 , formally given by
which links the dynamics from t = t 0 to t > t 0 to that from t 1 to t > t 1 . Unfortunately, apart from very simple systems [13, 26] , N t,t1 is not available in analytic form (see e.g. the discussion in [27] ), also preventing us from comparing our definition of non-Markovian dynamics with that relying on CP-divisibility [18] .
A. Microscopic description
As we have previously seen, if one considers a microscopic description the map M t,t0 depends on the environmental correlation functions (19) and obtain M t,t0 = M t−t0,0 . Accordingly, the ability of generating entanglement of M t,t0 for small times t − t 0 is the same as that of M t,0 for small t > 0, i.e. the entanglement generation criterion (24) for this dynamics does not depend on t 0 . However, as will be shown in the next section, the specific time dependence of Eq. (26) need not be satisfied if one considers a stochastic derivation of M t,t0 which indeed allows for more general non time-homogeneous non-Markovian dynamics such that M t,t0 = M t−t0,0 .
Examples
In order to illustrate which environment correlation functions lead to entanglement generation in the case of a microscopic derivation, we assume that the qubits couple to each environment degree of freedom with different strength, i.e. that the bath coupling operators have the following form:
where c where we have introduced the spectral densities:
We stress that any set of generic time-translation invariant correlation functions D αγ jk (t − s) can be derived from suitable microscopic bosonic baths in thermal equilibrium with respect to H B [16] . Notice that this is not true for not time-translation invariant two-point correlation functions D 
These, as required, make for a positive semi-definite matrix D. Let us consider a few cases. 
Since D is positive semi-definite, so are D 11 , (D 22 ) T and D. Therefore, the master equation (1) with Kossakowski matrix given by D generates completely positive maps G τ , with semigroup parameter τ = t 2 . These, as argued in the previous section, cannot fulfill the inequality (10) and entanglement cannot be generated.
The
Therefore, D is positive semidefinite and as, in the previous point, entanglement cannot be generated.
3. The two qubits couple to a same set of fields: then, φ 
By choosing |u = |v in (24), namely |ψ = |φ ⊥ , the (strict) inequality becomes
with x jk = ℑ( C k |C j ) with |C j the vector of components c jℓ . Then one computes
If for instance x 12 = 0, inequality (33) is satisfied by choosing |ψ such that σ 3 |ψ = |ψ . In such a case |u = (1, −i, 0) and u|ℑ(∆)|u = −1 so that the separable state |ψ ⊗ |ψ ⊥ becomes entangled.
B. Stochastic derivation
Non-Markovian dynamical maps different from those microscopically derived as in the previous Section result from from an alternative approach where one chooses an effective description of the environment.
It has been recently shown [16] that, if the correlation functions D αγ jk (τ, s; t 0 ) := D αγ jk (τ, s) are inserted into the map (19) , then it is unravelled by the following stochastic Schrödinger equation:
where δ/δφ γ k (s) denotes a functional derivative, and the stochastic correlation functions are defined in (16)- (17). This means that the average dynamics of an initial state |ψ t0 provided by this equation recovers M t,t0 , i.e.
Notice that Eq. (19) does not contain S: this reflects the fact that there is an infinite number of stochastic Schrödinger equations unraveling the same map. Furthermore, none of them can be reduced to a Hamiltonian coupling with classical stochastic fields, unless they are real [16] , in which case, the term in (36) with the functional derivative disappears.
We now show that, unlike microscopically derived non-Markovian dynamics where the entanglement generation properties do not depend on the initial time t 0 ≥ 0, the possibilities offered by the stochastic derivation are larger in that the entanglement generation properties may change in time.
Such a different behaviour can be explained as follows: in the Markovian regime each stochastically derived Gaussian open dynamics also admits a microscopic derivation. Indeed, as previously mentioned, time-translation invariant correlation functions can be obtained from coupling to suitable microscopic thermal environments in equilibrium that include those with Dirac delta correlation functions that result in Markovian open dynamics. On the other hand, this is no longer true in the non-Markovian regime, where there may exist stochastically generated dissipative Gaussian dynamics characterized by correlation functions that do not obey the time dependence in (26), i.e. which cannot be obtained from coupling to bosonic Gaussian baths. As a consequence, if the reduced dynamical maps M t,t0 of Eq. (19) involve two-point correlation functions with time-dependence not of the form D(t − t 0 , s − t 0 ), the maps do not in general depend just on t − t 0 only and may display, depending on t 0 , different entangling generation properties compared with M t,0 . These properties are determined by Eq. (24) where now D αγ jk have an explicit dependence on t 0 .
An example of such a possibility follows from considering a map M t,0 of stochastic origin describing two qubits coupled to a same set of complex stochastic fields
where µ jℓ are suitable complex coefficients and W ℓ (t) are Wiener processes with zero mean and two-point correlation functions E[W j (t)W k (s)] = δ jk min(t, s), while c j are deterministic values of the fields at t = 0. Then,
for all α, γ = 1, 2, whence, at t 0 ≥ 0 one derives a Kossakowski matrix
The entanglement generation criterion (33) can then be applied to the matrix ℑ(∆(t 0 )) with entries
and explicitly reads
Evidently, one can choose the initial fields and the complex coefficients µ jℓ such that ℑ(∆(0)) = 0 while u|ℑ(∆(t 0 ))|u = 0 so that |ψ ⊗ |ψ ⊥ cannot be entangled at t = 0, but becomes entangled at any t 0 > 0. Vice versa, one can arrange the coefficients in order to ensure that ℑ(∆(0)) = 0, while ℑ(∆(t 0 )) = 0 at some t 0 so that there is entanglement generation at t = 0 but not at t 0 > 0. Finally, notice that if the classical Gaussian fields are real, there is no entanglement generation, since then the stochastic Schrödinger equation (36) becomes of Hamiltonian form, describing two independent qubits interacting with a classical background. Consequently, non-local correlations between non-interacting qubits cannot be created solely by classical means.
IV. MARKOV VS NON-MARKOV
In the previous section we have seen that the criteria for entanglement generation in the Markovian [Eq. (10) ] and non-Markovian [Eq. (24) ] regimes have a similar structure. It is thus important to discuss their differences.
A. Time dependence
A first important difference between Markovian and non-Markovian entanglement generation is the time dependence. In the previous section we have indeed seen that in non-Markovian dynamics the first order of the expansion of the map M t (see (21) ) for small positive times vanishes, while it it does not in the Markovian case. As already remarked, this fact is strictly related to the singular delta-like correlation functions of Markovian baths. Entanglement is generated on a time scale (say τ G ), such that the approximation given by the Dyson expansion is valid, that is 0 < τ G < t 2 for non-Markovian dynamics, and 0 < τ G < t for Markovian ones. Accordingly, in the Markovian regime and for small times entanglement generation occurs on a longer time-scale (∝ t) than in the non-Markovian regime (∝ t 2 ). In order to better illustrate the role of the difference in the time-dependence in the two regimes, let us consider a 'pure dephasing' model of one qubit interacting with a stochastic real Ornstein-Uhlenbeck process through a Hamiltonian
Therefore, the entanglement generation properties depend on the three functions a(t), b(t) and c(t).
On the other hand, taking the Markovian limit ǫ → 0, because of the assumed integrability of the functions, they vanish at infinity, whence the contribution from a is suppressed, while the one from b is hidden by the divergence of 1/ǫ. Then, the entanglement generation properties in the Markovian regime are solely determined by the function c(t). Accordingly, Eq. (50) displays a family of correlation functions providing different entanglement generation properties in the Markovian and non-Markovian regimes.
In the following we investigate whether it is possible to build correlation functions exhibiting the above behaviour within the models considered in the previous sections. Given a microscopic model of two qubits interacting with a bosonic thermal bath with correlation functions as in (28) , in order to achieve a Markovian behaviour, the spectral densities J αγ jk (ω) must ultimately provide Dirac deltas in time and this can only be achieved by a Ohmic behaviour (∝ ω), and by a sufficiently low inverse temperature β such that coth (ωβ/2) ≃ 2/ωβ. Under these conditions, we have that the real parts of the correlation functions in the criterion (24) behave as in (50) with a = b = 0 [24] . This implies that, in a model of this kind, if entanglement generation does (does not) occur in the non-Markovian regime, it also does (does not) in the Markovian one. On the other hand, if one considers an effective stochastic description the situation may be different, thus offering further evidence that, though the two approaches are equivalent in the Markovian regime [28] , instead deriving nonMarkovian dynamics by stochastic means provides a richer scenario than by a microscopic approach. Indeed, consider two qubits interacting with a same stochastic field
where φ 1 and φ 2 are classical complex stochastic fields where φ 2 tends to a white noise when ǫ goes to zero (e.g. the Ornstein-Uhlenbeck process of Eq. (44)). One can easily check that the two-point correlation functions D jk (τ, s) can be recast in the form (50), where
Therefore, by an appropriate choice of the stochastic fields φ 1,2 and thus of a(0), b(0), this kind of model may generate entanglement in the non-Markovian regime even if, the parameters of the type c(0) are not able to guarantee it in the Markovian one. It may also happen that the choice of c(0) enforces entanglement generation in the Markovian regime, when ǫ → 0, but that of a(0) and b(0) could forbid it for large ǫ.
V. CONCLUSIONS
We have investigated the entanglement generation properties of Gaussian non-Markovian dynamics at initial time t = t 0 . We have shown that the entanglement generation criterion has the same structure as in the Markovian regime, provided that the Kossakowski matrix is replaced by the matrix whose entries are two-point bath correlation functions at t = t 0 . Moreover, in the non-Markovian regime, Hamiltonian terms do not contribute to entanglement generation. Although one recovers the Markovian regime from the non-Markovian one when the two-point correlation functions become singular, this is not true for the entanglement generation conditions; furthermore, in the Markovian regime entanglement generation occurs on a longer time-scale (∝ t) than in the non-Markovian regime where the time-scale is ∝ t 2 . Finally, if the correlation functions are time-translation invariant, the entangling properties of the dynamics do not change if the initial qubit state is set, not at t = 0, but at t 0 > 0. On the other hand, in absence of timetranslation invariance, we showed that the microscopic and stochastic derivations of Gaussian open dynamics, which are equivalent in the Markovian regime may differ in the non-Markovian one. Indeed, we proved that two qubit open dynamics derived from couplings to generic Gaussian bosonic baths, even out of equilibrium, exhibit entanglement generation properties that cannot vary in time. On the other hand, suitable non-time translation invariant couplings of the two qubits to Gaussian stochastic fields may in general provide entanglement generation properties that may depend on time.
